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ABSTRACT 


The  behavior  of  dynamic  vibration  absorbers  of  conventional  and  novel 
design  has  been  investigated  experimentally  and  found  to  compare  closely 
with  prediction.  The  dynamic  absorbers  were  employed  to  suppress  the  trans- 
missibility  at  resonance  across  a one-degree-of-freedom  primary  system. 
Initially  considered  was  a dynamic  absorber  with  a conventional  mass-spring- 
dashpot  configuration;  the  primary  system  was  undamped.  Subsequently  con- 
sidered were  (1)  so-called  dual  dynamic  absorbers,  and  (2)  a single, 
nominally  undamped  absorber,  or  two  such  absorbers,  attached  to  the  primary 
system  after  it  had  been  damped  heavily. 

The  dual  absorbers  — a conventional  viscously  damped  absorber  used 
in  parallel  with  a less  massive  undamped  absorber  — introduced  a pronounced 
transmissibility  trough  without  the  appearance  of  unwanted  ''compensating" 
peaks  at  lower  and  higher  frequencies.  The  attachment  of  a nominally  un- 
damped absorber  to  the  heavily  damped  primary  system  also  introduced  a 
pronounced  trough  without  giving  rise  to  compensating  peaks.  Further,  the 
attachment  of  two  such  absorbers  introduced  pronounced  troughs  at  two 
frequencies  that  could  be  varied  independently  of  one  another.  Thus,  the 
novel  absorber  systems  considered  here  behaved  as  mechanical  "notch"  filters, 
providing  at  specific  "low"  frequencies  a high  degree  of  isolation  that 
other  passive  systems  cannot  duplicate  without  exhibiting  a marked  loss  in 
isolation  at  neighboring  frequencies. 


3 


INTRODUCTION 

The  conventional  dynamic  absorber  comprises  a mass  M2  that  is  attached 
via  a single  spring  and  damper  to  a vibrating  item  of  mass  M^,  which  is 
excited  by  a sinusoidally  varying  force  F^,  as  in  Fig.  1(a),  or  by  a sinus- 
oidally varying  ground  displacement  x^,  as  in  Fig.  1(b). * In  either  case, 

Mj  resonates  on  resilient  members  of  total  stiffness  K^.  The  mass  M2  is 
tuned  to  resonate  at  a similar  frequency  at  which  its  motion  becomes 
relatively  large,  whereas  the  force  2F2  transmitted  to  the  ideally  rigid 
foundation  in  Fig.  1(a),  or  the  displacement  x2  of  the  vibrating  item  in 
Fig.  1(b),  is  minimized.  For  an  instrument  mounting,  when  Mj  represents 
an  item  of  electronics,  a laser  table,  etc.,  M2  might  be  equal  to  M^; 
whereas,  if  M^^  represents  a large  item  of  machinery,  it  is  unlikely  that 
M2  would  exceed  20%  of  M^. 

A quantity  of  basic  interest  is  the  transmissibility  T across  the 

2 

systems  of  Fig.  1.  It  can  be  shown  that,  if  the  transmissibility  across 
system  (a)  is  defined  as  the  magnitude  of  the  force  ratio  and 

if  the  transmissibility  across  system  (b)  is  defined  as  the  magnitude  of 
the  displacement  ratio  or  of  the  acceleration  ratio  |A2/Aj|  --  then, 

at  any  one  frequency. 


T 


" 


^ 2 

In  this  equation,  * (jw)  x^,  i = 1,  2,  where  j * /£-l)  and  w is  angular 
frequency,  hereafter  referred  to  simply  as  frequency.  The  results  of  a 
single  calculation  or  measurement  of  transmissibility  thus  have  dual 


I 
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significance.  Consequently,  in  the  experiments  to  be  described  here,  T has 
been  determined  as  the  readily  measurable  acceleration  ratio  lA^Aj)  rather 
than  as  the  force  ratio  |2F2/F^|,  which  is  more  difficult  to  measure. 

The  concept  of  the  conventional  dynamic  absorber  was  first  described 
in  1928. 3 Since  then,  much  has  been  written  about  how  the  absorber  should 
be  tuned  and  damped;  that  is,  how  values  of  the  stiffness  K2  of  the  absorber 
spring  and  the  coefficient  of  viscosity  n2  of  the  dashpot  should  be  chosen 
to  provide  optimum  absorber  performance.  It  is  an  advantage  that  the  optimum 
values  of  K2  and  n2  provide  the  same  optimum  absorber  performance  in  both 
Figs.  1(a)  and  1(b).  In  fact,  for  a primary  system  (M^K^)  with  negligible 
damping,  the  optimum  values  of  the  absorber  tuning  ratio  n = (wa/wo)  and 
the  absorber  damping  ratio  <5_p  are 


where 


"opt  - (‘VVopt  " M 


<52R>opt  " t3'1  * U)/SI 


- oyv 


is  the  natural  frequency  of  the  dynamic  absorber. 


Uo  * tKi/(Ml  + M2)],S  = 


is  a reference  frequency  that  has  been  introduced  for  convenience,  and  the 


mass  ratio 


5 


V » M^CMj  + M2)  . (6) 

The  damping  ratio 

62R  * n/nc  " "ar,/2K2  ' (7) 

where  n£  is  the  value  of  the  coefficient  of  viscosity  required  to  damp  the 

absorber  critically.  For  example,  if  * Mj/5,  then  u = 5/6,  nQpt  * 0.913, 

and  62r  = 0.25;  that  is,  the  absorber  should  have  25%  of  critical  damping. 

The  validity  of  the  foregoing  expressions  has  been  confirmed  by  trans- 

missibility  measurements  that  are  described  here  initially.  Consideration 

is  given  subsequently  to  dynamic  absorbers  having  novel  configurations,  the 

predictions  for  which  have  also  been  confirmed  by  experiment.  These  novel 
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configurations  comprise  (1)  a single,  nominally  undamped  absorber,  or  a 
pair  of  such  absorbers,  attached  to  a heavily  damped  primary  system,  and 
(2)  so-called  "dual  dynamic  absorbers"  — a conventional,  viscously  damped 
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absorber  placed  in  parallel  with  a less  massive,  nominally  undamped  absorber. 

Although  the  theory  of  the  damped  conventional  dynamic  absorber  is 
well  developed,  controlled  laboratory  testing  such  as  that  described  here 
has  been  sparse;  in  fact,  there  is  a particular  lack,  of  experimental  data 
in  the  prior  literature.  F.xceptions  are  described  in  Refs.  5-7,  which 
relate  solely  to  dynamic  absorbers  with  viscoelastic  supporting  elements. 
Several  noteworthy  practical  applications  of  dynamic  absorbers  are  described 
in  Refs.  8-16. 

1.  NOMINALLY  UNDAMPED  PRIMARY  SYSTEM 

The  transmissibility  across  the  primary  system  (M^Kj)  of  Fig.  1 in  the 
absence  of  the  absorber  can  be  expressed  as 


6 


T = 


1 + 6 


2 1*5 

IK 


(1  - fi2)2  ♦ 52k 


(8) 


In  this  equation,  61K  is  the  small  (nominally  zero)  solid-type  damping 
factor  of  the  supporting  springs  of  stiffness  K^,  and  the  frequency  ratio 


R = w/a> 
o 


(9) 


where  u)q  currently  represents  the  natural  frequency  of  the  system;  namely, 

»0  " CKj/Mp5*  . (10) 

At  this  frequency,  for  which  Q = 1.0, 

. T = (1  + 6^/5^  = * (ID 

an  equation  that  yields  the  damping  factor  of  the  springs  if  T is  measured 
at  resonance. 

As  mentioned,  the  experiments  described  here  related  to  the  system  of 
Fig.  1(b)  for  which  accelerometers  attached  to  and  to  the  "vibrating 
foundation"  provided  the  values  needed  to  determine  transmissibility  directly 
(Eq.  1).  The  assembly  employed  was  that  shown  in  Fig.  2,  where  the  founda- 
tion was  modeled  by  a 3-in.  thick,  19-in.  long,  slab  of  aluminum.  The 
primary  mass  comprised  an  inverted-T  aluminum  structure  that  weighed 
approximately  10  lb  and  that  incorporated  flanges  to  provide  a base  for 
the  absorber  dashpots,  which  will  be  described  later.  The  supporting  springs, 
of  total  stiffness  K^,  consisted  of  two  identical  precis ion- ground  steel 
strips  clamped  between  the  upper  and  lower  sections  of  M^.  The  ends  of  the 
steel  strips  were  likewise  held  by  clamps  that  could  be  released  and  moved 
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to  vary  the  effective  length  and,  hence,  the  stiffness  of  the  strips,  thus 
providing  a means  by  which  the  natural  frequency  could  be  varied  con- 
tinuously through  a broad  range  of  values.  Because  electronic  equipment 
limitations  dictated  a lower  bound  to  the  experiments  of  approximately 
9 Hz,  and  because  both  the  foundation  and  the  primary  mass  ceased  to 
vibrate  as  ideally  rigid  members  at  frequencies  above  1000  Hz  (at  higher 
frequencies,  the  foundation  vibrated  essentially  as  a free-free  beam, 
and  the  central  portion  and  flanges  of  vibrated  with  different  phase) , 
measurements  were  made  through  the  two-decade  range  9 - 900  Hz  with  the 
resonant  frequency  wq/2 it  set  at  approximately  90  Hz. 

The  foundation  and  primary  mass,  and  a central  vibration  generator 
rated  to  deliver  50- lb  peak  force,  were  supported  by  a concrete  seismic 
mass,  as  shown  in  Fig.  3.  The  seismic  mass,  which  weighed  800  lb,  was 
resiliently  mounted  with  a vertical  natural  frequency  of  9 Hz  on  a concrete 
base  block.  The  static  load  of  the  test  apparatus  was  decoupled  from  the 
vibration  generator  by  soft  rubber  foundation  mounts.  After  preamplification, 
signals  from  accelerometers  mounted  on  and  the  foundation  were  channeled 
via  a tracking  filter  either  to  a voltmeter  or  to  an  automatic  level 
recorder.  The  accelerometer-preamplifier  combinations  were  adjusted  to 
have  identical  sensitivities. 

That  the  primary  mass  and  the  steel-strip  springs  did  behave 
as  a single-degree-of-freedom  system  is  confirmed  by  the  measured  results, 
which  are  plotted  in  Fig.  4 as  a function  of  the  frequency  ratio  Q = tu/u)o> 
where  u>o/ 2tt  = 90.5  Hz.  Transmissibility  takes  the  value  unity  at  low 
frequencies  and  diminishes  at  12dB/octave  at  high  frequencies,  as  predicted. 
The  measured  peak  height  of  44.4  dB  indicates  that  the  effective  internal 
damping  factor  of  the  steel-strip  springs  was  = 0.006. 


I 
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2.  CONVENTIONAL  DYNAMIC  ABSORBER 


The  transmissibility  across  the  dynamic  absorber  systems  of  hig.  1 

2 . 

is  given  by 

T « ICn2  - n2)2  ♦ (2n£M2R)2J!*/f  . ( 

where 

¥ - {[ufi4  - n2(l  ♦ n2)  ♦ n2J2  ♦ (2nftd2R)2(fl2  - I)2}*1  ( 

and  where  12  * u)/wq  is  now  rephrased  in  terms  of  the  reference  frequency  u)q 
specified  by  Eq.  S.  In  practice,  the  relative  displacement  between  the 
primary  and  absorber  masses  is  also  of  interest  because  it  provides  a measure 
of  the  stress  in  the  absorber  spring  that  connects  to  . (The  relative 
displacement  increases  as  M,  decreases  in  comparison  to  , and  it  is 
important  that  the  corresponding  stress  does  not  become  excessive.)  The 
normalized  relative  displacement  --  henceforth,  the  relative  displacement 
RD  — is  simply  given  by 


RD  * | (ij  - SjJ/ijI  » n2/*  . C 

where  x^  is  the  displacement  of  M2> 

Experimentally,  the  design  requirements  were  (1)  that  the  absorber  mass 
and  supporting  spring  comprise  a one-degree-of- freedom  system  throughout  the 
frequency  range  of  interest,  and  (2)  that  the  stiffness  of  the  spring  — 
and,  hence,  the  resonant  frequency  of  the  absorber  --be  continuously 
variable  to  facilitate  absorber  tuning.  Thus,  precision-ground  steel  strips 
were  again  chosen  for  the  springs,  and  the  absorber  mass  was  designed  so 
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that  it  could  be  arbitrarily  located  along  them.  Because  it  was  desired  to 
preserve  symmetry  to  avoid  possible  rocking  motion  of  the  primary  system, 
the  absorber  took  the  form  of  the  double  cantilever  shown  in  Fig.  5(a), 
where  the  total  absorber  mass  and  stiffness  are  M.,  and  K_. 

Each  absorber  mass  (M^/2)  consisted  of  two  cylindrical  steel  discs 
that  were  bolted  together  to  "sandwich"  the  steel -strip  spring  rigidly. 

A milled  guide  slot  in  the  lower  disc  enabled  the  absorber  mass  to  be 
accurately  positioned.  The  total  mass  or  the  absorber  elements  was  exactly 
one- fifth  of  the  primary  mass,  so  that  u * ♦ M^)  * 5/6. 

Piston- in-cylinder  dashpots  beneath  each  mass  M^/2  supplied  absorber 
damping  as  indicated  in  Figs.  5(b)  and  5(c).  The  prime  requirement  that 
the  coefficient  of  viscosity  n of  the  dashpot  — and  thus  the  damping 
ratio  6^r  — be  continuously  variable  was  satisfied  in  two  ways.  First, 
for  a coarse  variation  of  damping,  the  viscosity  of  the  silicone  fluid  in 
the  cylinder  was  changed  and,  second,  for  a fine  variation,  the  piston  was 
raised  or  lowered  slightly.  Thus,  a threaded  stud,  rigidly  attached  to 
the  piston,  could  be  rotated  into  the  absorber  mass  to  change  the  immersed 
depth  of  the  piston  and  the  resultant  viscous  drag.  The  dashpot  cylinders 
were  fastened  to  the  primary  mass  with  clamps,  which  could  be  released  to 
allow  the  cylinders  to  be  repositioned  when  the  location  of  the  absorber 
masses,  and  hence,  the  tuning  of  the  absorber,  was  varied.  Because  the 
piston  and  cylinder  masses  contributed  directly  to  and  , they  were 
designed  carefully  to  preserve  the  value  of  the  mass  ratio  u 3 5/6,  for 
which  the  damping  ratio  (<S2R^opt  = ^nc^opt  = 0,25‘ 

For  any  required  value  of  62R»  the  appropriate  viscosity  of  the  dashpot 
fluid  was  determined1^  from  the  formula 

n = 6ttp  £.(a/t)^[l  + 1.5(t/a)] 
a 


(IS) 
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where  u is  the  absolute  fluid  viscosity,  l is  the  immersed  depth  of  the 

2L 

piston,  a is  the  piston  radius,  and  t is  the  piston-to-cylinder  clearance 

[nb,  absolute  viscosity  (cp)  * kinematic  viscosity  (cs)  x fluid  density 

3 18 

(gm/cm  )].  The  simpler  and  more  familiar  foraula 

n ■ 6iryai.(a/t)3  (16) 

pertains  when  (t/a)  is  sisal  1. 

Transmissibilitv  measurements  (w  ■ S/6)  were  obtained  by  the  method 
described  in  Sec.  1,  where  accelerometers  mounted  on  the  foundation  and 
primary  mass  recorded  values  of  Aj  and  respectively.  In  addition,  matched 
accelerometers  now  recorded  the  acceleration  of  the  absorber  masses  H^/2. 
Here,  and  subsequently,  the  reference  frequency  was  wQ/2ir  ■ 82.5  Hz.  The 
viscosity  of  the  dashpot  fluid  and  the  depth  of  immersion  of  the  pistons  in 
the  dashpots  were  assigned  the  values  predicted  by  Eq.  15  to  yield  optimum 
absorber  damping.  This  formula  proved  remarkably  accurate,  and  only  slight 
alterations  of  the  piston  setting  were  necessary  to  achieve  C^R^opt  Preciseiy- 
(For  dashpots  with  2.  * 0.42  in.,  a * 0.625  in.,  and  t * 0.0625  in.,  as 
utilized  here,  a fluid  viscosity  of  500  cs  provided  optimum  damping.)  The 
absorber  tuning  ratio  was  set  to  its  predicted  optimum  value  of  nQpt  ■ ■ 

2 

0.913;  consequently,  u)2/2ir  * 75.31  Hz.  Compensating  transmissibility  peaks 
of  slightly  different  height  then  resulted.  Accordingly,  the  tuning  ratio 
was  varied  (m^/2ir  -*■  80.83  Hz)  until  equal  maxima  were  obtained.  This  change  was 
perhaps  necessary  because  the  effective  mass  of  was  increased  and,  hence, 
the  resonant  frequency  of  the  absorber  decreased  by  the  presence  of  the 
high-viscosity  dashpot  fluid.  (When  the  absorber  was  undamped,  the  predicted 
tuning  ratio  yielded  results  in  close  accord  with  theory.) 


The  measured  transmissibility  T * | A^/A^ | across  the  damped  absorber 

system  is  plotted  in  Fig.  6 versus  the  frequency  ratio  * u>/u>0.  Again, 

2 

these  results  are  in  close  accord  with  theory  because  the  measured  values 

of  the  tTansmissibility  maxima,  and  of  the  intervening  minimum,  10.5  and 

8.9  dB,  respectively,  agree  well  with  their  predicted  values  of  10.4  and 

9.3  dB;  in  addition,  as  predicted  at  higher  frequencies,  the  effect  of  the 

absorber  diminishes  and  the  transmissibility  curve  falls  off  at  the  same 

rate  of  12  dB/octave  as  the  transmissibility  across  the  primary  system  alone. 

It  is  readily  apparent  from  Fig.  6 that  the  optimally  tuned  and  damped 

dynamic  absorber  is  a most  effective  device  for  vibration  control.  Whereas 

the  primary  system  exhibited  a resonant  amplification  of  44.4  dB,  the 

addition  of  the  absorber  (u  * 5/6)  has  reduced  this  value  to  10.5  dB;  that 

is,  transmissibility  has  been  reduced  by  a factor  of  50. 

The  associated  relative  displacement  RD  (Eq.  14)  across  the  absorber 

spring  is  plotted  in  Fig.  7.  Thus,  the  relevant  accelerations  and  A^ 

of  the  masses  and  Mj  were  subtracted  vectorially  by  a simple  operational 

amplifier  circuit  so  that  RD  = | (A^  - A2^A1^  could  be  determined  readily. 

2 

The  relative  displacement  curve  agrees  well  with  prediction,  and  the  observed 

maximum  of  15.5  dB  lies  0.3  dB  below  its  calculated  value.  In  turn,  this 

maximum  lies  some  29  dB  below  the  value  of  RD  measured  when  the  absorber 

max 

was  undamped,  which  means  that  the  likelihood  of  excessive  stress  in  the 
absorber  spring  has  been  reduced  significantly. 

3.  DYNAMIC  ABSORBERS  ATTACHED  TO  A HEAVILY  DAMPED 
PRIMARY  SYSTEM 

It  has  been  demonstrated  in  the  foregoing  that  a judiciously  tuned 
and  damped  dynamic  absorber  can  successfully  reduce  the  large  transmitted 
forces  and  displacements  that  are  generated  at  the  resonance  of  a nominally 
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undamped  primary  system.  Characteristically  large  values  of  damping  in  the 
absorber  system  are  required  to  suppress  the  two  compensating  transmissibility 
peaks  that  are  introduced  by  the  attachment  of  the  absorber.  Unfortunately, 
damping  reduces  the  depth  of  the  intervening  trough  to  a level  only  slightly 
below  that  of  the  peaks.  It  will  now  be  shown  that  a trough  of  significant 
depth  can  be  generated  by  a nominally  undamped  absorber,  without  the  intro- 
duction of  compensating  peaks,  provided  that  the  primary  system  can  be 
heavily  damped.  Although  the  addition  of  damping  to  the  system  will  not 
always  be  feasible,  it  may  well  be  so  for  an  instrument  mounting  when  it  is 
desired  to  attenuate  ground  vibration  of  discrete  "low"  frequency.  Thus, 
at  the  frequency  of  concern,  the  absorber  system  will  behave  as  a mechanical 
"notch  filter,"  providing  a high  degree  of  isolation. 

A viscously  damped  primary  system  and  a nominally  undamped  dynamic 
absorber  are  shown  in  Fig.  8(a).  The  absorber  mass  M2  is  suspended  from 
a linear  spring  of  stiffness  ^ having  a small  (nominally  zero)  solid-type 
damping  factor  62^.  The  primary  mass  is  supported  by  springs  of  total 
stiffness  and  dashpots  having  a total  coefficient  of  viscosity  for 
which  a viscous  damping  ratio  6JR  is  conveniently  defined  as 

6ir  = (Vi/2K1)  • (17) 

2 

The  transmissibility  across  the  system  of  Fig.  8(a)  can  be  stated 
as  follows: 

T - [(Rj  ♦ lJ)/(Rj  ♦ I*)]**  , (18) 


where 
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Rjj  * [(n2  - n2)  - 2fin261R62R] 


!n  - tn262K  ♦ 2M1R(n2  - f)2)  ] 


Rjj  - [y«4  - n2(l  ♦ n2)  ♦ n2  - 20n261R62K) 


In  - [n25,„(l  - fl2)  ♦ 2£167D(n2  - fl2)  ] 


1 


The  frequency  ratio  ft  and  the  tuning  ratio  n are  again  defined  as  in 
Sec.  2.  Representative  calculations  of  transmissibility  made  from  Eq.  18 
are  plotted  in  Fig.  9 for  an  absorber  system  with  a mass  ratio  y * 5/6,  a 
damping  factor  $2K  * 0.003,  and  a damping  ratio  $1R  »0.5  (50%  of  critical 
damping).  The  tuning  ratio  takes  the  successive  values  n * ua/uQ  * 0.667, 
1.0,  and  1.5.  It  is  apparent  that  a sharp  minimum,  indicating  desired 
attenuation,  has  been  introduced  at  each  frequency  to  which  the  absorber  is 
tuned,  and  that  unwanted  peaks  have  been  avoided.  In  fact,  the  maximum 
values  of  transmissibility  are  comparable  to  the  maximum  value  observed 
in  the  absence  of  the  absorber  (T  “3.33  dB) . When  n ■ II  * 1.0,  the 

TH3.X 

predicted  relative  displacement  RD  (Eq.  14)  across  the  absorber  spring  in 
Fig.  8(a)  is  18.4  dB,  a value  that  is  2.6  dB  above  the  maximum  level 
predicted  for  the  viscously  damped  absorber  in  Sec.  2. 

Verification  of  the  preceding  theoretical  results  required  that  the 
primary  system  be  damped  heavily.  This  was  achieved  by  means  of  a piston 
that  was  attached  centrally  to  the  underside  of  the  primary  mass  M^,  and 
that  protruded  into  a cylindrical  recess  in  the  foundation  of  Fig.  3, 
thus  forming  a conventional  dashpot.  The  recess,  1.75  in.  in  diameter 
and  1.0-in.  deep,  provided  a piston  clearance  t “ 1/16  in.  The  depth  of 
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immersion  of  the  piston  could  be  adjusted  by  a threaded-stud  mechanism 
similar  to  that  described  in  Sec.  2.  Since  S0\  of  critical  damping  was 
sought,  a silicone  fluid  having  a viscosity  of  approximately  3000  cs  was 
used  in  the  dashpot  according  to  the  requirements  of  Eq.  15.  The  only 
absorber  damping  present  was  that  inherent  to  the  steel  springs  of  total 
stiffness  Kj  [Fig.  8(a)]. 

Measurements  were  first  mad*  of  the  transmissibility  across  the  one- 
degree-of- freedom  system  comprising  M^,  K^,  and  the  primary  mass  dashpot. 

The  depth  of  immersion  of  the  piston  was  adjusted  until  the  maximum  trans- 
missibility attained  the  theoretical  value  of  TmnT  =»  3.33  dB,  thus  assuring 
that  the  damping  ratio  of  the  primary  system  was  actually  = 0.5  as 
required.  The  nominally  undamped  absorber  was  then  attached  to  and  the 
absorber  masses  were  positioned  on  the  steel-strip  springs  to  yield  the 
required  tuning  ratios  n * w /u  . 

3 O 

The  measured  transmissibility  across  the  entire  system  is  plotted 
versus  ft  in  Fig.  10  for  the  successive  values  of  n * 0.645,  1.0,  and 
1.5.  These  data  arc  in  close  agreement  with  the  predicted  curves  of  Fig.  9. 
Agreement  between  the  depths  of  the  troughs  in  the  two  figures  is  not 
precise  because  the  actual  value  of  the  absorber  damping  factor  differed 
slightly  from  the  representative  value  of  * 0.003  assumed  theoretically 
(the  depths  of  the  troughs  are  essentially  proportional  to  when  the 
damping  factor  is  small).  The  viscous  damping  force  exerted  by  the  dash- 
pot  was  less  than  that  predicted  by  Newton's  law  at  high  frequencies, 
where  transmissibility  diminishes  at  approximately  10  dB/octave  rather 
than  at  6 dB/octave;  however,  to  achieve  such  an  increased  rate  of 
attenuation  is  clearly  advantageous. 

The  companion  relative  displacement  RD  across  the  absorber  spring 


was  measured  when  n * 1.0,  and  close  agreement  with  theory  was  again 


with  the  predicted  value  of  18.4  dB. 

It  is  natural  to  question  whether  several  independent  troughs  could 

be  introduced  simultaneously  into  the  transmissibility  curve  by  utilizing 

two  or  more  absorbers  tuned  to  different  frequencies.  Indeed,  as  shown 

- here  theoretically  and  confirmed  experimentally,  two  such  troughs  can  be 
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introduced  by  two  absorbers  — and,  from  these  and  prior  results,  it 
can  be  expected  that  any  sensible  number  of  troughs  can  be  generated  by 
the  use  of  a like  number  of  absorbers. 

A heavily  damped  primary  system  to  which  two  nominally  undamped 
dynamic  absorbers  are  attached  is  shown  in  Fig.  8(b).  The  absorbers  are 
assumed  to  be  equally  massive  (M2  • M^)  and  to  have  springs  of  different 
stiffnesses  K2  and  Kj  but  equal  solid-type  damping  factors  62K  * * 5R. 

Because  the  primary  system  is  again  viscously  damped,  use  of  the  damping 
ratio  51D  of  Eq.  17  remains  appropriate.  The  relevant  transmissibility 

IK 

is  again  given  by  Eq.  18,  where  now 


“ Wk  " <2n6llW  ' 

h * t^lR^R  + *I]  * 

Rj,  - 1%  - Upfl6  ♦ x - fl2(l  - ^g)n2n3^  * 

and 

iD  • nN  * vx  - ■ 

In  these  equations 

X - (1  ♦ Wp)(n2  ♦ n2)fi4/2  , 


(27) 


and 


where 


*R  » - fl^(i»2  ♦ n2)  ♦ n2n2  (1  - 6p] 


♦j  * «K  [2n2n2  - fl2(n2  ♦ n2)  ] , 


n2  * wa2/uo  ’ 


n3  * “a3/l0o  ' 


Up  - Mj/fMj  ♦ 2M2)  , 


<ua2  * *W  * 


wa3  = ‘W  * 


and 


u>o  «*  [^/(Mj  ♦ 2M2)]' 


The  results  of  representative  calculations  of  transmissibility  are 
plotted  versus  £1  * u/a)o  in  Fig.  11,  where  M2  and  are  each  one-fifth  as 
massive  as  (Pp  = 5/7),  the  damping  ratio  6JR  * 0.5,  the  absorber  damp- 
ing factors  <5k  * 0.002,  and  the  tuning  ratios  n2  * 1.0  and  * 1.5.  It 
is  evident  that  troughs  appear  at  the  frequencies  to  which  the  absorbers 
are  tuned,  and  that  the  absorbers  indeed  behave  as  though  they  are  uncoupled. 
The  depths  of  the  troughs  are  again  essentially  proportional  to  6^  provided 
that  6^  remains  small. 

Experimentally,  the  addition  of  a second  dynamic  absorber  to  the  test 
apparatus  required  that  the  primary  mass  M.  be  modified.  The  perpendicular 


arrangement  of  double-cantilever  absorbers  that  was  adopted  is  shown  in 
Fig.  12.  Because  this  arrangement  maintained  symmetry  about  the  central 
vertical  axis  of  M. , rocking  motion  of  the  system  was  avoided.  The  masses 


0.2  M could  be  located  anywhere  along  the  steel-strip  springs 


of  stiffnesses  K2  and  Kj,  thus  permitting  the  absorber  frequencies  <*>a2  and 
u to  be  varied  continuously,  as  before.  The  measured  transmissibility 


across  the  system  is  plotted  versus  ft  in  Figs.  13  and  14.  Here  the 


absorbers  were  tuned  such  that  n.  » 1.0  and  n 


n3  » 1.0,  respectively.  The  damping  factors  were  small  (6^  « 0.002)  and, 
as  assumed  theoretically.  Up  = 5/7  and  6^R  * 0.5.  The  curves  of  Figs.  13 
and  14  correlate  closely  with  prediction.  Only  a small  difference  (=  0.5  dB) 
exists  between  the  measured  and  predicted  depths  of  the  troughs  because 
the  actual  damping  factor  of  the  absorber  springs  was  not  precisely  equal 
to  the  assumed  value  of  = 0.002;  however,  the  relative  depths  of  each 


pair  of  troughs  closely  matched  prediction 


4.  DUAL  DYNAMIC  ABSORBERS 


It  has  been  confirmed  in  the  foregoing  that  pronounced  minima  in  trans- 
missibility can  be  generated  without  the  appearance  of  the  compensating  peaks 
that  usually  accompany  the  use  of  undamped  dynamic  absorbers.  However,  the 
primary  system  has  first  tc  be  damped  heavily,  a requirement  that  carnot 
always  be  satisfied  in  practice.  Consequently,  it  is  natural  to  question 
whether  a significant  trough,  without  compensating  peaks,  could  also  be 
generated  in  the  transmissibility  across  an  undamped  primary  system.  That 
this  can,  in  fact,  be  accomplished  by  the  use  of  so-called  dual  dynamic 


absorbers  is  now  illustrated 


An  undamped  primary  system  (M^,  is  shown  in  Fig.  15,  where  a 
conventional  viscously  damped  absorber  (M  K_)  is  attached  to  M in  parallel 


with  an  absorber  of  mass  M^,  which  is  suspended  from  by  a spring  of  stiff- 
ness having  a small  (nominally  zero)  solid-type  damping  factor  5^.  The 

mass  M3  is  assumed  to  be  small  in  comparison  to  and  M^,  so  that  it  is 

again  appropriate  to  define,  as  in  Sec.  2,  a reference  frequency  03q  * 

u 

and  a mass  ratio  y = + M^) . If  an  additional  mass 

ratio  is  defined  as 

8 * M3/M2  , (36) 

and  if  the  nominally  undamped  absorber  is  timed  directly  to  the  reference 


frequency  u)q,  that  is,  if 

"3  ■ ’ ''?VM3)/“o  ’ l-°  • <37’ 

then  transmissibility  can  again  be  written  as  in  Eq.  18  where  now 

R^j  3 [(ey  - n2)(l  - fi2)  - C«3K]  , (38) 

iN  = [5d  - a2)  ♦ <s3K(eu  - n2)l  , (39) 

Rp  * {-yfi6  ♦ n4[l  ♦ 8(1  - y)  ♦ y(e  ♦ 1)] 

-n^fl  ♦ 6(1  - y)l  - fi2(ey  ♦ 1)  ♦ Aj}  , (40) 

and 

I„  * {fi4[C  + u53K  ♦ 663K(1  - y)]  - J)2A2[1  ♦ 8(1  - u)  ] 

-fl2(C  ♦ 53K)  ♦ A2)  . (41) 


In  these  equations,  e is  a multiplicative  constant,  and 
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C - 2 /(ey)ft6 


and 


2R 


X1  " (EV  ' ^SK5  * 


X2  * (C  + £U63K) 


(42) 

(43) 

(44) 


Values  of  the  damping  ratio  62R  are  taken  to  be  those  specified  by 
Eq.  3 as  optimum  for  the  conventional  viscously  damped  absorber.  For  each 
value  of  62r>  the  parameter  E is  adjusted  until  the  optimum  absorber 
tuning  ratio 


(n2)opt  ' '■V'Vopt  * /r°,) 


C45) 


yields  equal  maxima  in  the  resultant  transmissibility  curve.  For  example, 
e = 0.947  when  y = 5/6,  B = $2R  = 0.25,  and  6^^  * 0.002;  thus,  the  appropriate 
tuning  ratio  is  (n2)  t = 0.888.  This  value  differs  only  slightly  from  the 
value  of  = i/y  = 0.913  specified  in  Sec.  1 for  the  conventional  absorber 
alone. 


The  transmissibility  across  the  dual  dynamic  absorber  system  of  Fig.  15 
has  been  calculated  from  Eqs.  18  and  38-44  for  the  foregoing  values  of 
y = 5/6,  6 = 62r  * 0.25,  e = 0.947,  (n2)Qpt  = 0.888,  and  <$3K  * 0.002.  The 
results  are  plotted  versus  the  frequency  ratio  ft  in  Fig.  16,  where  the 
transmissibility  maxima  share  the  common  value  Tmax  = 11.76  dB,  and  the 
depth  of  the  pronounced  trough  is  T^n  = - 26.5  dB.  Comparison  with  the 
transmissibility  of  the  optimally  tuned  and  damped  conventional  absorber 
(Ref.  2 and  Fig.  6)  shows  that  the  addition  of  the  second,  virtually  un- 
damped, absorber  has  reduced  T . by  essentially  36  dB,  whereas  T has 
v min  max 

been  increased  by  little  more  than  1 dB.  It  is  an  advantage  that,  in 
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practice,  the  second  absorber  would  introduce  negligible  additional  mass 
and  would  be  easy  to  apply  and  simple  to  tune. 

The  dual  dynamic  absorbers  were  utilized  experimentally  with  the 
modified  primary  mass  and  with  the  perpendicular  double-cantilever  con- 
figuration shown  in  Fig.  12.  Now,  one  absorber  (M^,  K2)  was  replaced  by 
the  viscously  damped  absorber  used  in  the  experiments  described  in  Sec.  2, 
and  the  second  nominally  undamped  absorber  (M^,  Kj)  incorporated  a 
different  pair  of  masses  to  provide  the  desired  mass  ratio  0 = M3/M2  = 0.25. 

No  other  changes  were  required.  (An  arrangement  of  two  parallel  double- 
cantilever absorbers  proved  to  be  unsatisfactory  because  f M2,  and 
symmetry  about  the  central  vertical  axis  of  the  primary  mass  was  not 
maintained.  As  a result,  a spurious  rocking  motion  of  was  introduced 
near  the  frequency  by  the  mass  unbalance.) 

To  measure  transmissibility,  the  masses  M^/2  were  positioned  so  that 
n3  * ~ t*ie  dashpots  °f  the  viscously  damped  absorber  were 

adjusted  to  provide  the  damping  ratio  62p  = 0.25;  and  the  positions 
of  the  masses  M^/2  were  varied  in  unison  until  equal  transmissibility 
maxima  were  obtained.  At  this  desired  setting  of  the  masses,  the  damped 
absorber  resonated  at  a slightly  higher  frequency  than  that  specified  by 
Eq.  45  [ioa2  = /(ey)too].  However,  it  should  be  recalled  that  the  conventional 
viscously  damped  absorber  in  Sec.  2 likewise  had  to  be  tuned  to  a slightly 
higher  frequency  than  that  specified  by  Eq.  2 (w  = r'y  to  ) . As  a con- 

cl  O 

sequence,  the  predicted  value  of  the  ratio  = /e  = 0.973  was  actually 

“ 3.Z  c L 

matched  accurately  by  the  value  of  0.970  established  here  by  experiment. 

The  measured  transmissibility  across  the  dual  absorber  system  of 
Fig.  15  is  plotted  in  the  final  Fig.  17,  which  exhibits  excellent  agree- 
ment with  theory.  Thus,  the  two  maxima  share  a common  value  of  T = 12.1  dB 

max 

that  exceeds  prediction  by  only  0.34  dB,  while  the  intervening  trough  is 

_ —III J 
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most  pronounced,  having  a measured  depth  of  - 27.1  dB.  Further,  this  trough 
would  be  deepened,  for  example,  by  6 dB  if  6^^  were  halved  or  8 were 

4 

doubled.  At  high  frequencies,  transmissibility  decreases  essentially  at 
12  dB/octave,  as  predicted.  In  fact,  these  experimental  data  verify  the 
excellent  performance  described  earlier  in  this  Section  for  the  dual 
absorber  system. 
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FIGURE  LEGENDS 

Undamped  primary  system  with  springs  of  total  stiffness  and  with 
a mass  to  which  a viscously  damped  vibration  absorber  is 
attached. 

Experimental  design  of  the  primary  system  and  its  foundation.  End 
clamps  can  be  adjusted  to  vary  the  stiffness  of  the  steel -strip 
springs  and,  hence,  the  resonant  frequency  of  the  primary  system. 

Test  apparatus  mounted  on  a steel-surfaced  seismic  mass  to  which 
foundation  support  pillars  and  the  housing  of  a vibration  generator 
are  bolted. 

Measured  transmissibility  across  the  primary  system  (M^,  Kj)  of 
Fig.  1(b)  plotted  versus  the  frequency  ratio  ft  = w/u^. 

(a)  Double  cantilever  dynamic  vibration  absorber  attached  to  the 
primary  mass  M^,  (b)  partial  view  of  a dashpot  cylinder  located 
beneath  one  absorber  mass  Mj/2,  and  (c)  cross-sectional  view  of 
the  piston- in-cylinder  dashpots  that  damp  the  dynamic  absorbeT 
viscously. 

Measured  transmissibility  across  the  viscously  damped  dynamic 
absorber  system  of  Fig.  1(b)  when  the  mass  ratio  y * M^/(M1  ♦ M2)  ■ 
5/6;  the  absorber  is  judiciously  tuned  and  damped  [tuning  and 
damping  ratios  n = /\i  and  (^R^opt  a 0.25). 

Measured  relative  displacement  across  the  viscously  damped  dynamic 


absorber  of  Fig.  1(b)  when  y = 5/6  and  the  absorber  is  tuned  and 
damped  as  in  Fig.  6. 


Fig.  8 (a)  Nominally  undamped  dynamic  absorber,  and  (b)  a pair  of  nominally 

undamped  dynamic  absorbers  attached  to  a viscously  damped  primary 
system  having  a damping  ratio  51R. 

Fig.  9 Calculated  transmissibility  across  the  system  of  Fig.  8(a)  when 
y * 5/6  and  the  absorber  tuning  ratio  takes  the  successive  .alues 
n * 0.667,  1.0,  and  1.5.  The  damping  ratio  6^R  ■ 0.S,  and  the 
solid- type  damping  factor  of  the  absorber  6^  * 0.003. 

Fig.  10  Measured  transmissibility  across  the  system  of  Fig.  8(a)  when 
y = 5/6,  <51R  * 0.5,  and  the  absorber  tuning  ratio  takes  the 
successive  values  n = 0.645,  1.0,  and  1.5. 


Fig.  11  Calculated  transmissibility  across  the  system  of  Fig.  8(b)  when 
the  mass  ratio  yp  = 5/7  (M^  = * 0.2  M^) , 61R  * 0.5,  and 

5k  = 0.002.  The  absorber  tuning  ratios  n 2 * 1.0  and  n3  * 1.5. 

Fig.  12  Experimental  design  of  the  modified  primary  mass  to  which  a pair 
of  double- cantilever  dynamic  vibration  absorbers  is  attached. 

Fig.  13  Measured  transmissibility  across  the  system  of  Fig.  8(b)  when 
lip  * 5/7,  61R  = 0.5,  and  the  absorber  tuning  ratios  n ^ * 1.0 
and  n^  = 1.5. 

Fig.  14  Measured  transmissibility  across  the  system  of  Fig.  8(b)  when 
yp  = 5/7,  6jR  = 0.S,  and  the  absorber  tuning  ratios  ^ ■ 0.667 
and  n3  = 1.0. 

Fig.  15  Undamped  primary  system  to  which  dual  dynamic  absorbers  are 
attached.  The  conventional  dynamic  absorber  of  mass  is 
viscously  damped;  the  absorber  of  small  mass  Mj  is  nominally 
undamped. 
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Fig.  16  Calculated  transmissibility  across  the  system  of  Fig.  15  when 
V * 5/6  and  8 = a 0.25.  The  dynamic  absorber  of  mass 

is  optimally  tuned  and  damped;  the  absorber  of  mass  Mj  has  a 
tuning  ratio  n3  * 1.0  and  a solid-type  damping  factor  * 0.002. 


Fig.  17  Measured  transmissibility  across  the  system  of  Fig.  IS  when  u » 5/6, 
B * 0.25,  and  n3  = 1.0.  The  dynamic  absorber  of  mass  is 
judiciously  tuned  and  damped  [(n2)0pt  5 ^ejland  52R  ■ 0.25]. 


FIG. 5(b) 


FIG.  5(c) 
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